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Abstract 

We present various results on the equivalence and scaling properties of fractional-order 
Sobolev norms and semi-norms of orders between zero and one. Main results are mutual 
estimates of the three semi-norms of Sobolev-Slobodcckij, interpolation and quotient space 
types. In particular, we show that the former two are uniformly equivalent under scaling. 
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1 Introduction 

Sobolev norms and semi-norms play a central role in the numerical analysis of discretization 
methods for partial differential equations. For instance, standard finite element error analysis 
is essentially a combination of the Bramble-Hilbert lemma and transformation properties of 
Sobolev (semi-) norms. These properties are also central to the area of preconditioners for (and 
based on) variational methods. More precisely, arguments based on finite dimensions of local 
spaces are inherently connected with scaling arguments to keep dimensions bounded. Norms are 
usually not scalable, i.e. the corresponding equivalence numbers behave differently with respect 
to a scaling parameter when the domain under consideration is isotropically scaled. This can 
be usually fixed only when essential boundary conditions are present. An example is using 
the i? 1 -semi-norm as norm in Hq. More generally, semi-norms have better scaling properties: 
usually they can be defined so that equivalence numbers are identical under isotropic scaling of 
the domain. 

Whereas properties of Sobolev (semi-) norms under smooth transformations or simple scal- 
ings are straightforward as long as their orders are integer, things are getting more complicated 
for fractional-order Sobolev norms. Such norms appear in a natural way when considering 
boundary integral equations of the first kind. For an overview see, e.g., [10\ [8]. There are 
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different ways to define fractional-order Sobolev norms and they all have advantages and disad- 
vantages (standard references are [9J [1]). Different norm variants are known to be equivalent. 
But dependence of the equivalence constants on the order and the domain are more involved. 

In this paper we analyze the equivalence of different variants of fractional-order semi-norms 
of positive orders bounded by one. The use of semi-norms is essential to guarantee scaling 
properties and we don't know of any publication that analyzes their equivalence. Instead of con- 
sidering general smooth transformations that do not distort domains, we focus on pure isotropic 
scalings of domains. (More general transformations can be generated by composition with trans- 
lations and area preserving smooth mappings.) In this way we keep appearing expressions of 
equivalence numbers as transparent as possible. 

The rest of the paper is organized as follows. In Section [2] we collect all definitions and 
technical results. In Section 12.11 we recall two definitions of norms and define three different 
semi-norms: one of the Sobolev-Slobodeckij type, one by interpolation, and one of a quotient 
space type. Section 12.21 is devoted to basic equivalence estimates. In particular, we present 
Poincare-Friedrichs' inequalities for the Sobolev-Slobodeckij and the interpolation semi-norm 
(Propositions 12.21 and 12. 6p . Their proofs are standard and presented here for completeness. 
Scaling properties of norms (also given for completeness) and semi-norms are analyzed in Sec- 
tion 12.31 Eventually, in Section [3] we combine the intermediate results to show the uniform 
(under scaling) equivalence of the Sobolev-Slobodeckij and the interpolation semi-norms (The- 
orem [3J]). Furthermore, we show that the Sobolev-Slobodeckij and quotient space semi-norms 
are uniformly equivalent (under scaling) as long as the scaling parameter is bounded from above 
(Theorem 13.21 with scaling bound 1 for simplicity). Theorem 13.31 shows that the interpolation 
and quotient space semi-norms can be uniformly bounded mutually in one direction depending 
on whether the scaling parameter is bounded from above or from below. 

2 Sobolev norms 

In this section we recall definitions of several Sobolev (semi-) norms and collect technical results 
that are needed to prove our main results in Section [3J or which are interesting in its own. 

Throughout the paper, O C M n denotes a generic bounded connected Lipschitz domain. 
Some results require fewer conditions but we always implicitly assume that O is non-empty. We 
consider the usual L 2 (0)- and i7 1 ((9)-norms with notations || • ||o,e> and || • ||i,c>, respectively and 
the iif 1 (0)-semi-norm | • \i.o- Here and in the following, in all types of norms, the underlying 
domain of definition O will be occasionally dropped from the notation when not being ambiguous. 

2.1 Fractional-order norms and semi-norms 

There are several ways to define Sobolev norms. We use the ones defined by a double integral 
(Sobolev-Slobodeckij) and by interpolation. For the latter we use the so-called real K-method, 
cf. [2]. For < s < 1, the interpolation norm in the fractional-order Sobolev space H s {0) is 
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defined by 

( f°° -2s ■ , fu 112 2,1 ||2 \ 

\\v\\[L*{0),W(0)]. ■■= \\v\\l*(o),hHO),s ■= (J q t v jnt + ^\\v \\ 0t G+t \\vi\\ lt o) J J ■ 
We also define the interpolation space 

H'(0) = [L\0),Hl{0)] s 

with corresponding notation for the norm. The notation H s is used by Grisvard and is common 
in the boundary element literature, whereas the notation Hq Q = H s is used by Lions and Magenes 
and is common in the finite element literature. 

The Sobolev-Slobodeckij variant of these norms is defined (for < s < 1) by 

/ f f \v(x) — v(y)\ 2 \ 1//2 

IMIff'(0) == \Ms,0 ■= [\Mh(0)+ J o J o \ x _ y \n+2s dxd y) • 



V(x) 9 

\ v \\h°(0) : = W v W~,s,0 : = ( \Mh°(0) + W dist(x, dO) s ^ L2 W ' (preliminary version) 



The corresponding semi-norms are 

M[tf(0),Hi(0)]. '■= \ v \lho),hho),s ■= t ~ 2 \, = ™i t , 1 ( l|wol| o,o + t2 l' t; ilto)7) 



1/2 



and 



«Ih.(o) == M,,o ■■= [ L L ' u_„i»+2s dxd y 



loJo \x-y 

Additionally, it is useful to define the semi-norm of quotient space type 

Ms,0,inf := IMI/P»(e>)/iR = inf ||u + c|| Sj o. 

ceJR 

2.2 Equivalence of semi-norms on a fixed domain 

The aim of this section is to study equivalences of the semi-norms previously defined, on a fixed 
domain. Together with scaling properties (provided in Section 12. 3p these estimates are needed 
to prove our main results in Section [3l Our proofs are based on a standard norm equivalence 
and specific Poincare-Friedrichs' inequalities, which are also recalled here. 

It is well known that different definitions of Sobolev norms are equivalent. However, equiva- 
lence constants depend usually on the order and the domain under consideration. In particular, 
for a bounded Lipschitz domain O, the norms || • || Sj e> and || • ||L 2 (o),_ff 1 (C'),s are equivalent for 
< s < 1, cf. [91 El [TO]. Such equivalences are shown by corresponding equivalences on H n and 
the use of appropriate extension operators, cf. [3]. In particular, the norms previously defined 
are uniformly equivalent for s in a closed subset of (0, 1), see [7]. Here, for the norms, we don't 
elaborate on the dependence of the equivalence constants on s and O. We rather give them 
specific names to be used in estimates to follow. 
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Proposition 2.1 (equivalence of norms). For a fixed bounded Lipschitz domain O C IR n and 
for given s G (0, 1) there exist constants k(s,0),K(s,0) > such that 

Hs, O) |MlL2(0),ffi(e>), s < \\v\\ s ,o < K(s, O) \\v\\ L 2^ H i^o),s G H s (0). 

For a proof see, e.g., [ID] , 

It is well known that, on bounded domains, lower-order norms can be bounded by higher- 
order semi-norms plus finite rank terms. Such estimates are referred to as Poincare-Friedrichs' 
inequalities. For integer-order norms there are direct proofs with explicit constants (depending 
on orders and domains) |12| Theoreme 1.3] and attention has received finding best constants and 
deriving improved weighted estimates, see, e.g., |13} I14j and [3], respectively. We don't know 
of any direct proof for fractional-order norms on bounded domains (for unbounded domains 
however, see [11]). Therefore, for completeness, we state the result and give a proof (which is 
indirect and relies on the well-known compactness argument). 

Proposition 2.2 (Poincare-Friedrichs inequality, Sobolev-Slobodeckij semi- norm). Let O C IR n 

be a bounded connected domain, and s G (0,1). Then there exists a constant Cpf,ss > 0, 
depending on O and s, such that 

\\v\\o,o<C PF , ss (0, S )(\v\ s ,o + \J^v\j VveH s (0). 

Proof. Assume that the inequality is not true. Then there is a sequence (vj) C H s (0) such that 

|bill0,O = l, \Vj\ s ,0 + \ Vj\ ->■ (j -»• oo). 

Jo 

Therefore, (vj) is bounded in H s (0) and by Rellich's theorem (see |10l Theorem 3.27]) there is a 
convergent subsequence (again denoted by (vj)) in L 2 (0). (Here, we use the Sobolev-Slobodeckij 
norm. But any equivalent norm would serve as well.) Since |vj |s,o ~~ ► this sequence is Cauchy 
and with limit v in H s (0). It holds |f | s ,e> = so that v is constant. Furthermore, since J v = 
and O is connected we conclude that v = 0, a contradiction to H^Hoo = 1- D 

Lemma 2.3. Let O C IR n be a bounded connected domain. Then there holds 

\ v \lo < Ms,0,inf = M2,0 + [n l H V + C llo,C9 < (1 + CpF,Ss)l u la,0 

for any v G H s (0) and s G (0,1). Here, Cpf,ss = Cpf,ss((9j s ) is the number from Proposi- 
tionWM. 

Proof. By definition of | • | a o there holds for any c G IR and any v G H s (0) (we now drop O 
from the notation) 

\v\ s = \v + c\ s . 

Therefore 

\v\ s < inf \\v + c\\ s = Msinf 
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which is the first assertion. By the initial argument and the definition of the Sobolev-Slobodeckij 
norm one also finds that 

MsM = in f \\ v + 41 = [n l W v + c llo + Ma- 
celR ceIR 

This is the second assertion. 

The last relation and the Poincare-Friedrichs' inequality (Proposition 12. 2| ) lead to 

Kinf < C| FiSS mf (\V\, + | J (V + C)|) 2 + |t,|2 = (1 + C| F)Sg )b|2. 

This finishes the proof. □ 
Lemma 2.4. Let O C HT™ be a bounded Lipschitz domain. There holds 



K 2 

.-) .-) ii2 2 1 1 2 1 1 2 

k \ v \l?(0),Hi(p),s - \ v \s,OM 5= % K Ml^O),*^©)^ + _ J\ ll u + c l 



0,0 



/or any u € H s (0) and s G (0, 1). Here, k = k(s,0) and K = K(s,0) are the numbers from 
Proposition \2.1\ 



Proof. Let v S H s (0), and let cq, c\ denote generic constants. For any t > there holds 
inf (IKHo + * 2 Mi ) = in f ( IN + collo + * 2 Nli ) 

V=VQ+V\ \ J V=V0+CQ+V1+C1 \ J 



ci,v— a=v +vi 



inf . ( INHo + * 2 1^1 111: 



that is 



inf |NHo + * Nil = in f (INI|n + * bill 

v=v +v 1 \ J ceJR v + c=v o+vi 



< inf inf (INHn+* INIIl 

c£jR"+c=«o+«l 



We conclude that 

dt 

T 



\ v \h,H\s 



I" t~ 2s inf (|NHo + * 2 Nli 

Jq V=V +Vl \ 



00 / \ lit 

2s ■ r l|2 , + 2 II \\2\ al _ ■ f |L. , „ M 2 



< inf / inf |N||o + * INIIl hr = inf ll u + c \\h m 



By Proposition 12.11 



inf \\v + c\\ T 2 m < k inf \\v + c|L = & M sinf , 



so that the first assertion follows. 



By definition and using Proposition 12. II there holds 

\v\l^=M\\v + 4 2 .<« 2 M i \\v + c\\h^ 

= K 2 inf fY* inf (|ko||g + t 2 |hllg + t 2 bi|?)T- ( 2 ' 2 ) 
cgIR 7 v+c=v +vi V / t 

We bound the integrand separately for t < 1 and t > 1. 

For t < 1 we use the representation v + c = v o + wi to bound 

IMIo + * 2 IMIo + t 2 \vi\f < IKIlo + 2t2 (\\ v + 41 + IMI8) + t2 \vi\\ 

< < i\\v Q \\ 2 + 2t 2 \\v + c\\ 2 + t 2 \v 1 \ 2 l . 
If t > 1 then we select wo := v + c to conclude that 

inf (|KII§ + t 2 |bi||o + * 2 hl?) < lk + c||o- 

V+C=Vo+Vi \ J 

Together this yields 

fV 2s inf (NII§ + t 2 |KII^ + t 2 ki| 2 )y 

Jq v+c=Vq+vi \ J t 

< ft~ 2s inf (3|KI|g + 2t 2 ||, + c||g + t 2 b 1 |?)^+ fY 2 > + c|| 2 ^ 
= /V 2s inf f3|h||g + r>i| 2 )^ + ||,; + c|| 2 f / 1 2t 1 - 2s dt+ [°° t^~ 2s dt 

Jo v+c=v +vi\ J t \J J 1 



<3\v\h,Hi, s + ^rsj\\v + 4l (2-3) 



Therefore, recalling (|2.2p . we obtain 

K 2 

\v\ 2 sin{ < 3K \v\ T2 rri . + —7- r inf \\v + c||§ , 

ls,ml \h ,H ,s s (i _ g j cg]R 

which is the second assertion. □ 

From the proof of the previous lemma one can conclude that the semi-norm | • \l 2 (o),h 1 {0),s 
is indeed the principal part of a norm in H s (0). This will be useful to deduce a Poincare- 
Friedrichs inequality with this semi-norm. First let us specify what we mean by the semi-norm 
being principal part of a norm. 

Corollary 2.5. Let O C M n be a connected bounded Lipschitz domain. There holds 

K 2 

II l|2 II l|2 i Q7^2i |2 

for any v G H s (0) and s G (0, 1). Here, K = K(s,0) is the number from Proposition \2.1\ 



6 



Proof. This is a combination of the second bound from Proposition 12 . 1 1 and (|2.3p with c = 0. □ 
We are now ready to prove a second Poincare-Friedrichs inequality. 

Proposition 2.6 (Poincare-Friedrichs inequality, interpolation semi- norm). Let O C H n be a 

bounded connected Lipschitz domain, and s € (0,1). Then there exists a constant Cpf,i > 0, 
depending on O and s, such that 

IM|o,0 < C PF ,i(0, s) (\v\ L 2 i0 ),m(0),s + \f v \) W G H ' S (°y 

Proof. The proof is identical to the one of Proposition 12.21 by noting the following two facts. 
First, due to Corollary 12. 5 1 ||«j||o,0 = 1 an d {vjl^iO)^ 1 ^)^ imply that (vj) is bounded in 
H s (0). Second, H£2(0) s = implies that v is constant. □ 

With the help of Proposition 12.61 we can now turn the estimate by Lemma 12.41 into a semi- 
norm equivalence. 

Lemma 2.7. Let O C H n be a connected bounded Lipschitz domain. There holds 

,2| |2 ^ I |2 ^ 1^2 (r, i U PF,I \i ,2 

K \ v \l 2 {o),h 1 {o),s - rls,o,inf - A ^ + jfi _ ^\ J \ v \i^(p),m{o),s 

for any v G H s (0) and s G (0,1). Here, k = k(s,0), K = K(s,0) are the numbers from 
Proposition \2. 11 and Cpf,i = Cpf,i(s,C) is the number from Proposition 1 2. 61 

Proof. The lower bound is the one from Lemma l2.4i The upper bound is a combination of the 
one from the same lemma and the Poincare-Friedrichs' inequality from Proposition 12.61 □ 

Meanwhile we have accumulated quite some parameters in the semi-norm estimates that 
depend on the order s and the domain O under consideration. Our goal is to show equivalence 
of semi-norms which is uniform for a family of scaled domains. We therefore study scaling 
properties of semi-norms in the following section. In this way, parameters from this section 
enter final results only via their values on a reference domain. 



2.3 Scalability of norms and semi-norms 

Obviously, both norms in H s (0) defined previously, || • ||i / 2(o) ) ij 1 (o),h an d || • ||s,e>) are not scalable. 
This could be achieved by weighting the L 2 (C)-contributions according to the diameter of O, 
for instance, cf. [5]. Of course, in this way one does not obtain uniformly equivalent norms (of 
un-weighted and weighted variants) under transformation of the domain. 

This is different for the norm in H s (0). It can be easily fixed (to be scalable) by using that 
the semi- norm | • \±^o is a norm in Hq(0), and re-defining 

/ oo \ l / 2 

\H m o), H Uo )]a ■= \\v\\l H o),hS(o),s ■= U r2 \ =Vo J n 4^ (0) (ll^llo > o + * 2 bil?,o)7j 
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\v\\h.(o) \\ v \\~,>,o ■- Mh*(o) + "A^tu 8nv nL2 (o) 



Vh 



in the case of interpolation. In the case of the Sobolev-Slobodeckij norm one can ensure scala- 
bility by re-defining 

12 , ii i,2 
1 dist{x, dO)' 

since the last term guarantees positivity. In the following we will make use of these re-defined 
norms. 

For a domain O £ IR n we denote by Oh the scaled domain 

O h := {D h x; x € O} with D h := diag(/i, . . . , h) € H nxn . 
Correspondingly, for a given real function v defined on O, 

O h ->• R 

is the function transformed onto 0^ by scaling. 

Lemma 2.8 (scalability of norms). For a bounded Lipschitz domain O C IR n , s 6 (0,1) and 
v € H s (0) there hold the scaling properties 

llu,. II 2 - h n " 2s \\v\\ 2 

|L, l|2 _ h n-2su ||2 

Proof. For the interpolation norm and being a cube, this property (with an unspecified 
equivalence constant) has been shown in [TJ. It is simply the scaling properties of the L 2 
and i^Q-norms together with the exactness of the K-method of interpolation (employed here). 
However, the scaling (with constant 1) is immediate from the definition with transformation 
t = hr and using the scaling properties of the L 2 and Hq -norms: 

W v h\\i?(o h ),Hi(p h ),8 = I inf cinfin ,(\\ v o,h\\o,O h +t 2 Kfcli,o h )? 

k hj, \ h h j Q v h =v 0jh +v ljh ,v ljh €Hl(O h )\ ' t 

°Y 2 * inf felloe + ^^ 3 M?,o)? 

2s ■ r f IL._ 112 , 2 i . |2 ^ ar 



= h n (hr)^ inf lhll^ + r>x|t - 

_ in-2s\\ i|2 

- " II U ll L 2 (0),#1(C>), S - 

This proves the first assertion. The scaling property of the second norm is obtained also by 
transformation (xh = DhX, yh = DhU)'- 

n 1,2 f f \vh(xh) ~ v h {y h )\ 2 f ( v h (x h ) \2 

= 4 4 \ Xh -y h \^ dXh dyh + L y^{ Xh w) dxh 

= k2n Jo Jo h n+2s \x - y\ n + 2s dX dV + IoS h " dist (^ d °Y ^ ^ 

_ . n-2si| ||2 
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□ 

Lemma 2.9 (scalability of semi-norms). For a bounded domain O C IR n , s £ (0, 1) and v € 
H s (0) there hold the scaling properties 

\ V h\L 2 (O h ),m(O h ),s - n \ V \L 2 {0),m(0),s^ 
|„J2 _ h n-2s\ |2 

Proof. The proof is basically identical to the one of Lemma 12,81 □ 
The third semi-norm, | • | s o i n f, is obviously not scalable. Instead, there holds the following. 
Lemma 2.10. For a bounded domain O C IR n , s € (0, 1) and v £ H s (0) there holds 

kl«,O h ,taf = h n - 2s \v\l + h n inf + c||g . 

cgIR 

Proof. This result is immediate from the representation of the semi-norm given in Lemma 12.31 
and the scaling properties of the | • | s -semi-norm by Lemma 12.91 and of the L 2 -norm. □ 

3 Main results 

We are now ready to state and prove our main results on certain equivalences of fractional-order 
Sobolev semi-norms. We use the notation for scaling from Section [2.31 

The first theorem shows for fixed s € (0, 1) the uniform equivalence of the semi-norms 
I " \L 2 (o h ),H 1 {o h ),s an d | • \s,O h on a family of scaled domains Oh- 

Theorem 3.1. Let Oh C IR n be a family of domains that is obtained by scaling with h > of a 
fixed bounded connected Lipschitz domain O. Then there hold the following relations. 

ft) 

\v\ s ,o h < c^M^o^m* Vu € H s (O h ), Vs € (0, 1), V/i > 0. 
Here, Ci(s) > depends on s but is independent of h and v: 

Cpf,i(s,C») 2 - 

8(1-8) 

with K(s, O) from Proposition \2. 1\ and Cpf,i(s, O) from Proposition \2.6l 

(ii) 

\v\L*(o h ),m(o h ),s < C 2 (s)\v\ s , 0h W g H s (O h ), Vs e (0, 1), \/h > 0. 
Here, (^2(5) > depends on s but is independent of h and v: 

^2 /^/„/^\2 7 / „ /r\ \ — 2 / -1 1 /nr / „ / ? "^2 



C 2 = Ci(s,C) 2 = K(s,0) 2 3 + 



c 2 2 = c 2 (s, oy = k( s , oy l (1 + c PF , ss ( s , o) 

with k(s,0) from Proposition \2.1\ and CpF,ss( s ;C) from Proposition \2. 
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Proof. On a fixed domain O we obtain, by combining Lemmas 12,31 and 12.71 the equivalence of 
semi-norms: 

C PF ,I(S,0) 2 ' 



and 



\v\ 2 <\v\ 2 < K(n n\ 2 (^ I Cp W' U J \u,P 



Mia(O),tfi(0),, ^ fe ( s > °)~>\loM < Ks, 0)- 2 [l + C PFiSS (s, O) 2 1 1«|., 



Both assertions of the theorem follow by the scaling properties of the semi-norms, see Lemma[! 

□ 

The next two theorems study the other pairs of semi- norms for equivalence, ( | • \ s ,o h > I ' \s,O h inf ) 
an d (I • \lJ*(O h ),m(O h ),8-> I • |s,O h ,inf)- 

Theorem 3.2. Let Oh C IR n be a family of domains that is obtained by scaling with h > of a 
fixed bounded connected Lipschitz domain O. Then there hold the following relations. 

(i) 

\v\ s ,O h < \v\s,o h M W G HS (°h), Vs G (0, 1), V/i > 0. 

(ii) 

\v\ 8 ,O h M ^ C ( s )\ v U,O h Vv G H s (O h ), Vs G (0, 1), Mh G (0, 1]. 

Here, C(s) 2 = 1 + Cpf,ss( s j C) 2 *s independent of h and v, with Cpf,ss being the number 
from Proposition \2.2l 



Proof. Assertion (i) is a repetition of the first estimate in Lemma 12.31 The second assertion 
is a combination of the second estimate in Lemma 12.31 with scaling properties provided by 
Lemmas l2~TUl and El 



\v h \lo h M = h n - 2s [h 2s mf ||v + c||g i0 + « 

n-2s ( i n f„ /*Vi2\ l„.|2 I -t , m / <*Y\2\\„. |2 



< h n ~ zs (1 + C PF ,ss(s, O) 1 ) |< = (1 + C PF ,ss(s, 0) 2 J kl^. 

Here we used the notation of a scaled function from Section 12. 3| and the condition that 
h < 1. □ 

Theorem 3.3. Ze£ O/j C lR n be a family of domains that is obtained by scaling with h > of a 
fixed bounded connected Lipschitz domain O. Then there hold the following relations. 

(i) 

\v\ L Ho h ),m(o h ),s < CiOOKe^inf V« g H s (O h ), Vs g (0, 1), Vh > 1. 
Here, Ci(s) > depends on s but is independent of h and v: 

d(s) 2 = k( s ,oy 2 

with k(s,0) from Proposition \2.1\ 
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(ii) 

\v\ s ,o h M < C2(s)\v\ LHOh)tHH o h ),s Vt> € H'(O h ), Vs e (0, 1), Vh € (0, 1]. 
Here, 6*2(5) > depends on s but is independent of h and v: 

C 2 (s)> = K(s,Of(3 + Cp y^° )2 
V s(l — s) 

with K(s, O) from Proposition \2.1\ and Cppi(s, O) from Proposition 

Proof. We use the notation for scaled functions Vh from Section 12.31 By scaling properties 
provided by Lemma 12.91 and the first estimate of Lemma 12.71 together with the restriction 
h > 1, we obtain 



\ v h\\?{p h ),H^{o h ),s — h n 2s \ v \ 2 L^(o),m{o),s - k(s,0) 2 h n 2s \v\1 

-2s 



= k(s,0) \\v h \i >0h + h ' s m^\\v h + c\\l 0h j <k(s,0) z \v h \i >0hM . 

This is the first assertion. To show the second one we use the scaling properties in Lemmas 12. 101 
the condition h < 1, and Lemma 12.71 



\vh\ 2 s,o h M = hn 2 >\lo + hn in l W v + c llo,o < h n 2s \v\l OM 

ceIR 

\2, 



n-2s v(n ^\2fn , CpF,l(s,C) 



< h"K(s, O)' (3 + "^jy j \v\i 2{0)>Hl{0) 



□ 
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